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In this lecture, you’ll learn

• Population analysis of GW events


• Astrophysics of compact objects:


• Isolated formation channel


• Dynamical formation channel 



Population studies
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Credits: The LIGO-Virgo-KAGRA collaboration 2021

Population studies

https://arxiv.org/abs/2111.03634


Parametric models
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p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

Hierarchical Bayesian Analysis 

{d} = {d1, d2, d3, . . . }

p(θ |d) ∝ ℒ(d |θ)p(θ) θ = {m1, m2, dL, . . . }



Parametric models
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p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

Credits: Mandel et al. 2019, Abbott et al. 2020, Vitale et al. 2022

https://ui.adsabs.harvard.edu/abs/2019MNRAS.486.1086M/abstract
https://arxiv.org/abs/2010.14527
https://ui.adsabs.harvard.edu/abs/2022hgwa.bookE..45V/abstract


Parametric models
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p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

ℒ({d} |Λ) ∝
Nobs

∏
i

∫ ℒ(di |θ)π(θ |Λ)
ξ(Λ)

Credits: Mandel et al. 2019, Abbott et al. 2020, Vitale et al. 2022

https://ui.adsabs.harvard.edu/abs/2019MNRAS.486.1086M/abstract
https://arxiv.org/abs/2010.14527
https://ui.adsabs.harvard.edu/abs/2022hgwa.bookE..45V/abstract


Parametric models
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p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

ℒ({d} |Λ) ∝
Nobs

∏
i

∫ ℒ(di |θ)π(θ |Λ)
ξ(Λ)

Credits: Mandel et al. 2019, Abbott et al. 2020, Vitale et al. 2022

ℒ({d} |Λ) ∝
Nobs

∏
i

1
ξ(Λ) ⟨

π(θj |Λ)
π(θj) ⟩

θj∼p(θ|di)

https://ui.adsabs.harvard.edu/abs/2019MNRAS.486.1086M/abstract
https://arxiv.org/abs/2010.14527
https://ui.adsabs.harvard.edu/abs/2022hgwa.bookE..45V/abstract


Parametric models
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p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

ℒ({d} |Λ) ∝
Nobs

∏
i

∫ ℒ(di |θ)π(θ |Λ)
ξ(Λ)
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ℒ({d} |Λ) ∝
Nobs

∏
i

1
ξ(Λ) ⟨

π(θj |Λ)
π(θj) ⟩

θj∼p(θ|di)

https://arxiv.org/abs/2010.14527


Parametric models

10 Credits: Abbott et al. 2021

p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

ℒ({d} |Λ) ∝
Nobs

∏
i

∫ ℒ(di |θ)π(θ |Λ)
ξ(Λ)

Population models

Why a power law? 

https://arxiv.org/abs/2010.14533


Parametric models

11 Credits: Abbott et al. 2021

p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

ℒ({d} |Λ) ∝
Nobs

∏
i

∫ ℒ(di |θ)π(θ |Λ)
ξ(Λ)

Population models

https://arxiv.org/abs/2010.14533


Parametric models
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p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)

ℒ({d} |Λ) ∝
Nobs

∏
i

∫ ℒ(di |θ)π(θ |Λ)
ξ(Λ)
Selection effects: fraction of 
merger that are detectable for a 
population with parameters 

We will define it in lecture #4

Λ



Masses 
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p(Λ |{d}) ∝ ℒ({d} |Λ)p(Λ)
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https://arxiv.org/abs/2111.03634


Spins
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• 


• 


•  and  are approximately conserved 
quantities 


• Dimension-less spin component  
where  is the individual spin


•  is orbital angular momentum 

χeff = (S1/m1 + S2/m2)·L̂/M =
χ1 cos θ1 + qχ2 cos θ2

1 + q

χp = max [χ1 sin θ1, ( 3 + 4q
4 + 3q ) qχ2 sin θ2]

χeff χp

χi = Si/mi
Si
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Credits: Dupletsa et al. 2024

Refs: Hannam et al. 2014, Schmidt et al. 2015

https://arxiv.org/abs/2404.16103
https://ui.adsabs.harvard.edu/abs/2014PhRvL.113o1101H/abstract
https://ui.adsabs.harvard.edu/abs/2015PhRvD..91b4043S/abstract


Spins

15 The LIGO-Virgo-KAGRA collaboration 2021
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 small but non-vanishing spins

https://arxiv.org/abs/2111.03634


Rates
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ℛ ∝ (1 + z)κ

 Merger rate density is increasing with redshift

https://arxiv.org/abs/2111.03634


Rates
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ℛ ∝ (1 + z)κ

Today’s hands-on section!

https://arxiv.org/abs/2111.03634


Astrophysics of compact objects: 
can our models predict observations?

18
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NS vs BH
• Final stage of massive star evolution


• NS mass 


• Lower limit: Chandrasekhar mass: maximum mass for a star to be 
supported by electron degeneracy 


• Upper limit: Tolman-Oppenheimer-Volkoff limit: max mass above 
which no source pressure can counteract gravity 


• BH mass 

∈ [ ∼ 1, ∼ 3] M⊙

≳ 3 M⊙

Refs: Chandrasekhar 1931,  Oppenheimer and Volkoff 1939

https://ui.adsabs.harvard.edu/abs/1931ApJ....74...81C/abstract
https://journals.aps.org/pr/abstract/10.1103/PhysRev.55.374
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GW decay

• , 

dEorb

dt
= −

Gm1m2

2a2

da
dt

dEorb

dt
∼

32
5

G4

c5

m1m2(m1 + m2)
a3

Refs: Peters 1964, Mapelli 2018, Iorio et al. 2023  

https://ui.adsabs.harvard.edu/abs/1964PhRv..136.1224P/exportcitation
https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract
https://ui.adsabs.harvard.edu/abs/2023MNRAS.524..426I/abstract
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GW decay

• , 


• Orbital decay:  


• Circularisation: 

dEorb

dt
= −

Gm1m2

2a2

da
dt

dEorb

dt
∼

32
5

G4

c5

m1m2(m1 + m2)
a3

da
dt

= −
64
5

G3m1m2(m1 + m2)
c5a3(1 − e2)7/2 (1 +

73
24

e2 +
37
96

e4)
de
dt

= −
304
15

e
G3m1m2(m1 + m2)

c5a4(1 − e2)5/2 (1 +
121
304

e2)
Refs: Peters 1964, Mapelli 2018, Iorio et al. 2023  

https://ui.adsabs.harvard.edu/abs/1964PhRv..136.1224P/exportcitation
https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract
https://ui.adsabs.harvard.edu/abs/2023MNRAS.524..426I/abstract
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GW decay

Refs: Costa et al. 2023  

BBHs, 30 M⊙ + 30 M⊙

Credits: Martyna Chruślinska 

https://arxiv.org/pdf/2311.15778
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GW decay

• Integrating  and assuming : 




• Example:  ➡ 


• GW decay is significant only in very tight binaries ➡                                                
we need astrophysical processes to make the two compact objects merge 

da
dt

de
dt

= 0

tGW =
5

256
c5

G3

a4

m1m2(m1 + m2)
(1 − e2)7/2

m1 = m2 = 1 M⊙, a = 1 AU tGW ∼ 2 × 1017 yr

Refs: Peters 1964, Mapelli 2018, Iorio et al. 2023  

https://ui.adsabs.harvard.edu/abs/1964PhRv..136.1224P/exportcitation
https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract
https://ui.adsabs.harvard.edu/abs/2023MNRAS.524..426I/abstract
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Single stellar evolution

• Metallicity: fraction of every element 
heavier than hydrogen  and helium 
➡ 


• Sun:  ➡ metal rich star


• Stellar winds: photons in stellar 
atmosphere couples with ions ➡ transfer 
of linear momentum that can unbind ions 

(X) (Y)
Z = 1 − X − Y

Z⊙ ∼ 0.015 − 0.02

Credit: Michela Mapelli
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Single stellar evolution

• Mass loss due to stellar winds depends on 
metallicity ➡   with 


• Massive and metal rich star can lose > 50% 
of their mass due to stellar winds

·M ∝ Zα α ∼ 0.5 − 0.9

Credits:  Michela Mapelli

Refs: Bressan et al. 2012, Spera et al. 2015, Vink et al. 2016, Mapelli 2018

mZAMS = 90 M⊙

https://ui.adsabs.harvard.edu/abs/2012MNRAS.427..127B/abstract
https://academic.oup.com/mnras/article/451/4/4086/1107071
https://ui.adsabs.harvard.edu/abs/2017A&A...607L...8V/abstract
https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract


26

Death of a star
• When nuclear burning is over, the star is out of hydrostatic equilibrium and the 

core collapses (CC)


•  ➡ CC stops when electron degeneracy pressure balance 
gravity. Thermal pulses remove all the envelope, revealing the bare CO core ➡ 
White Dwarf  

•  ➡ CC stops when core reaches nuclear density 
and neutron degeneracy pressure balance gravity ➡ Neutron Star 

•  ➡ gravity is too strong and no source of pressure can stop 
CC ➡ Black Hole

MZAMS ≲ 8 M⊙

MZAMS ∈ [ ∼ 8, ∼ 20] M⊙

MZAMS ≳ 20 M⊙

Refs: Percival 2016,  Couch et al. 2017

https://www.researchgate.net/publication/306091657_The_Upper_Mass_Limit_of_the_Neutrino?channel=doi&linkId=57af646408ae0101f1774e18&showFulltext=true
https://royalsocietypublishing.org/doi/10.1098/rsta.2016.0271
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Single stellar evolution

Refs: Spera et al. 2015, Spera and Mapelli 2017, Mapelli 2018, Spera et al. 2022
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Binary systems 

Refs: Sana et al. 2012, Moe and Di Stefano 2017Credits: Offner et al. 2023

Most massive stars (> 70%) 
are in binary systems

https://arxiv.org/abs/1207.6397
https://arxiv.org/pdf/1606.05347
https://arxiv.org/abs/2203.10066
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Isolated formation channel

• Two stars form from the same gas cloud and 
evolve into two merging BHs 


• Binary evolution driven by two main processes:


• Mass transfer 

• Common Envelope

Credits: Michela Mapelli
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Mass transfer

Credits: Michela Mapelli

• Roche lobe: 


• Mass transfer via Roche-lobe overflow:  mass 
can be transferred to the other object via L1


• Orbit shrinks in case of stable mass transfer

rRL = a
0.49q2/3

0.6q2/3 + ln(1 + q1/3)

Refs: Tauris and Van den Heuvel 2003

https://arxiv.org/abs/astro-ph/0303456


31

Common Envelope

Credits: Michela Mapelli

See here a short movie describing the CE phase

This is the most important question. 
i.e., does the binary survive the CE phase? 

https://www.sternwarte.uni-erlangen.de/~irrgang/animations/runaways/blender_ce.gif
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Modelling the common envelope
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Hydrodynamical simulations

Credits: Ohlmann et al. 2016

formalismαλ−

Refs: Webbink 1984, Hurley et al. 2002

• 


• 


•

Ebind,ini = −
G
λ (

M1M1,env

r1
+

M2M2,env

r2 )

Eorb,ini =
1
2

GMc,1Mc,2

aini

Ebind,ini = ΔEorb = α(Eorb,fin − Eorb,ini)

https://arxiv.org/abs/1512.04529
https://articles.adsabs.harvard.edu/pdf/1984ApJ...277..355W
https://ui.adsabs.harvard.edu/abs/2002MNRAS.329..897H/abstract
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Can we explain all GW observations with only the 
isolated formation channel ?
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Pair-instability Super Nova
• Very massive stars ( ) 


• Central temperature 


• Efficient production of gamma ray radiation 
in the core


• Gamma-ray photons scattering by atomic 
nucleus produce electron-positron pairs  

• Missing radiation pressure produces 
dramatic instability and collapse, leaving 
no remnants ➡ 

MHe ≳ 64 M⊙

T > 7 × 108 K
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Pair-instability mass gap
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https://arxiv.org/abs/2009.01190
https://ui.adsabs.harvard.edu/abs/2017MNRAS.470.4739S/abstract
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Pair-instability Super Nova
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Pair-instability mass gap

We need other formation channels to interpret current GW detections
1. Primary mass falls in the PI mass gap 
2. Formation of a intermediate mass black hole

https://arxiv.org/abs/2009.01190
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Dynamical formation channel

• Compact objects form and evolve with 
dynamical processes 


• Dynamical processes have effect only with 
 (i.e. Globular Clusters, 

Nuclear Star Cluster, Young Star Clusters)


• Star clusters are also an active environment of 
formation of massive stars

ρ > 103 stars pc−3

Refs: Lada and Lada 2003, Portegies Zwart 2010 

https://ui.adsabs.harvard.edu/abs/2003ARA&A..41...57L/abstract
https://ui.adsabs.harvard.edu/abs/2010ARA&A..48..431P/abstract
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Dynamical formation channel: processes

Refs: Ziosi 2014, Mapelli 2018 

Credits: Michela Mapelli

Credits: Michela Mapelli

Hardening: star gains kinetic energy from the 
binary system ➡ binary system shrinks  

Exchange: making single BH part of a binary 
systems ➡ merger of massive BH with 
misaligned spins

https://ui.adsabs.harvard.edu/abs/2014MNRAS.441.3703Z/abstract
https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract
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Dynamical formation channel: processes

Refs: Ziosi 2014, Mapelli 2018 

Hierarchical mergers: Merger remnant 
can become part of a binary by exchange 


➡ BH can grow in mass because of 
repeated mergers  

Credits: Michela Mapelli

https://ui.adsabs.harvard.edu/abs/2014MNRAS.441.3703Z/abstract
https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract
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Runaway collisions 

Refs: Mapelli 2018, Di Carlo et al. 2021 

Credits: Michela Mapelli

• Mass segregation brings massive stars into the center 


• Massive star collide, merge, and form super-massive stars capable of 
merging in the pair-instability mass gap BH

https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract
https://ui.adsabs.harvard.edu/abs/2021MNRAS.507.5132D/abstract
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Is there a predominant formation channel?
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Signatures

Refs: Bouffanais et al. 2021 

https://arxiv.org/abs/2102.12495
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Mixing fraction

Refs: Bouffanais et al. 2021, Zevin et al. 2021 

ℒ({d} |Λ) ∝
Nobs

∏
i

∫ ℒ(di |θ)π(θ |Λ)
ξ(Λ)

π(θ |Λ) = f p(θ | iso, σz) + (1 − f )p(θ |dyn, σz)

https://arxiv.org/abs/2102.12495
https://arxiv.org/abs/2011.10057


Today’s hands on
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• cosmoRate 

•  ( , assuming a cosmology) is a waveform 
parameter 


• A given population model must include a 
redshift distribution 


• evaluate the merger rate density given a 
population of compact object mergers

dL z

Refs: Santoliquido et al. 2021

https://ui.adsabs.harvard.edu/abs/2021MNRAS.502.4877S/abstract


What you did (not) learn today

• Observed population properties 


• Astrophysical processes driving 
the isolated and dynamical 
formation channels

44

• Multimessenger Astrophysics 


• Properties of host galaxies of 
compact object mergers 

Tomorrow



Further reading:
• This lecture is based on lecture materials from Marica Branchesi, Jan Harms, 

Tito Dal Canton, Michela Mapelli, Giuliano Iorio, Gaston Escobar, and 
Eleonora Loffredo


• References:


• Non-parametric models: Mandel et al. 2017, Li et al. 2021, Rinaldi and 
Dal Pozzo 2022, 


• Astrophysics of compact objects: Mapelli 2018, Spera et al. 2022 (with 
dynamics), Costa et al. 2023 (and references therein)


• See you this afternoon!
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https://ui.adsabs.harvard.edu/abs/2017MNRAS.465.3254M/abstract
https://ui.adsabs.harvard.edu/abs/2021ApJ...917...33L/abstract
https://ui.adsabs.harvard.edu/abs/2022MNRAS.509.5454R/abstract
https://ui.adsabs.harvard.edu/abs/2022MNRAS.509.5454R/abstract
https://ui.adsabs.harvard.edu/abs/2018arXiv180909130M/abstract
https://ui.adsabs.harvard.edu/abs/2022Galax..10...76S/abstract
https://arxiv.org/pdf/2311.15778

